Atkin,Elkies らによる Schoof のアルゴリズム改良の実装について(数式処理における理論と応用の研究) by 小暮, 淳 et al.
TitleAtkin,Elkies らによる Schoof のアルゴリズム改良の実装について(数式処理における理論と応用の研究)
Author(s)小暮, 淳; 伊豆, 哲也; 横山, 和弘


























, -A square root method ,





1) ( ), Jun Kogure, kogure@rp open$.\mathrm{c}\mathrm{s}$ .fujitsu.co.jp
2) ( ) , Tetsuya Izu, izu@flab fujitsu.co.jp
3) ( ) , Kazuhiro Yokoyama, yokoyama@para flab fujitsu .co.jp











. Schoof , ,
, ( $\mathrm{H}.\mathrm{W}$.Lenstra
$\mathrm{J}\mathrm{r}.[10]$ ) , Schoof
.






Schoof , $P$ , $O((log^{8}(p))$
. , dominant step , $x^{p^{2}}\mathrm{m}\mathrm{o}\mathrm{d} f_{\ell}(X)$ . $\ell$
$(x)$ $(\ell^{2}-1)/2$ , $\ell$ , 4
.
Atkin, Elkies , modular polynomial , $\ell$ 1
explicit , $o(\log^{6}(p))$ (SEA [17]). ,
Couveignes, Morain , isogeny cycles , $\ell^{k}$
, Schoof , $t$ mod $\ell$ , $t$ mod $\ell^{k}$
[4].
, 160 bit $p$ ,
$\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}_{\mathrm{S}\mathrm{i}}\mathrm{r}([16])$ , . Asir (
) . , (i) , GCD
, (ii) ,
, 2 . Risa $\mathrm{c}$-library





. , 2, 3 , 4 .
2. SEA( $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{o}\mathrm{o}\mathrm{f}-\mathrm{E}\mathrm{l}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{S}$ -Atkin) $\grave{/}\yen\backslash$
, $p$ , $E$ $y^{2}=x^{3}+Ax+B,$ $A,$ $B\in GF(p)$
. SEA Schoof [18] Elkies, Atkin
, Morain [6], [11] SEA .
21. SEA
Schoof . ( $[12]$
.
) $\mathrm{Z},$ $\mathrm{Q},$ $\mathrm{C}$ ,
, . .
Schoof : Schoof $\ell$- , $\ell$ $O$
. $E$ $\ell$ $E[\ell]$ $\mathrm{Z}/\ell \mathrm{Z}\oplus \mathrm{Z}/\ell \mathrm{Z}$ ,
Frobenius $\phi$ : $(x, y)arrow(x^{p}, y^{p})$ . , $GF(\ell)$ 2
,
$\phi^{2}-t\phi+p=0$ (1)
, $\# E=p+1-t$ . (Tate module $T_{l}(E)$
) , $P\in E[\ell]$ ,
$\phi^{2}(P)+pP=t\ell\emptyset(P)$ (2)
$t_{\ell}$ , $t\equiv t_{\ell}$ (mod $\ell$) . $t_{\ell}$ $0,1,2,$ $\ldots$
( $P\in E[\ell]$ , $\ell P=O$ , $t_{\ell}$ mod $\ell$ ) $t.\text{ }$ , Hasse
$-2\sqrt{p}\leq t\leq 2\sqrt{p}$ (3)
. , $\ell$ , $4\sqrt{p}$ ,




. , (2) $GF(p)[x, y]/(y^{2}-x^{3}-Ax-B, fl(X))$ . $f_{\ell}$
$(\ell^{2}-1)/2$ , : $\ell$ #.
$\ell=O(\log(P))$ , $\deg(f_{\ell)}=$ O $(1\text{\‘{O}} \mathrm{g}^{2}(p))$ . $t_{\ell}$ $x^{p^{2}}$ $(\mathrm{m}\mathrm{o}\mathrm{d} fl)$ ,
$y^{p^{2}}$ $(\mathrm{m}\mathrm{o}\mathrm{d} f_{\ell,y}2-X-3AX-B))$ dominant ,
$O(\log^{7}(p))$ binary steps $O(\log^{8}(p))$ .
Elkies [7] , ( ) $f_{\ell}$ $(\ell-1)/2$
$g\ell$ , $t\ell$ $O(\log^{5}(p))$ binary steps .
1/2 , Elkies ,
$O(\log^{6}(p))$ . Elkies , $[7],[15],$ $[5],$ $[4]$ .
232
Atkin [1] $t$ mod $\ell$ . Atkin Elkies
, SEA .
SEA ( $[11],[15]$ ) $E$ non super-singular .
(I) $t$ mod $p$ : $\ell$ 2 . $4\sqrt{P}$
(I) .
(1) modular polynomial $\Phi_{\ell}(X, J)$ . ( $GF(p)$ 2 )
(2) $\overline{\Phi}(X)=\Phi_{\ell(i}X,(E))\mathrm{m}\mathrm{o}\mathrm{d}_{P}$ modulo $P$ .
(2-E) . ( $\ell$ Elkies )
Elkies , $f_{\ell}(x)$ $g\ell$ .
, $k$ .
$(X^{p}, Y^{p})=k(X, Y)$
$t\equiv k+p/k$ (mod .
(2-A) . ( $l$ Atkin )
$\overline{\Phi}(X)\mathrm{m}\mathrm{o}\mathrm{d} P$ $t$ . .
(I) Elkies $\mathcal{E}$ , Atkin $A$ .
(II) $t$ : $p+1-T$,
$T\mathrm{m}\mathrm{o}\mathrm{d} l=t\ell$ for $\ell\in \mathcal{E},$ $T$ mod $\ell\in \mathcal{T}_{\ell}$ for $\ell\in A$ ,
.
SEA Atkin . , $\mathcal{T}_{\ell}$ $\ell$
, , . , Atkin
, $\mathcal{T}_{\ell}$ . Elkies ,
isogeny cycle . .
isogeny cycle : Morain [15] [6] , $\ell$ Elkies ,
$t$ mod $\ell$ $t$ mod $\ell^{2},$ $t$ mod $\ell^{3}$ , . $\ell^{k}$
$g_{l^{k}}$ isogeny cycle . $\deg(g_{\ell}k)=^{p^{k-1}(p1)}-/2$ ,
$\deg(f_{\ell^{k}})=(\ell^{2k}-1)/2$ . ( ,
)
isogeny cycle $=t$ mod $\ell^{k}$ , SEA (I)
$p$ $\ell^{k}$ , (II) $p+1-T$ $T\equiv t_{\ell}k$
(mod $p^{k}$ ) .
22. Atkin-Elkies
$E$ non super-singular , modular polynomail $\Phi_{\ell}$
. $\Phi_{\ell}$ [7], [15] ,





$\mathrm{C}$ $E_{0}$ $E$ $E_{0}$ : $y^{2}=x^{3}+A_{0}x+B_{0}$ ( $A_{0},$ $B_{0}$
$A_{0}\equiv A$ $(\mathrm{m}\mathrm{o}\mathrm{d} p),$ $B_{0}\equiv B$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ .) ’ ,
$L=\mathrm{Z}\omega_{1}\oplus \mathrm{Z}\omega_{2\text{ }}Im(\omega_{2}/\omega_{1})>0$ , Weierstrass $P$ ,
$\mathrm{C}/L\ni zarrow(P(z), dP/dz(z))\in\dot{E}_{0}(\mathrm{C})$
. $\tau=\omega_{2}/\omega_{1}$ . $\ell$- $\mathrm{C}/L$ $\ell$ ,
$f_{\ell}^{E}0(_{X)=}1 \leq r\leq(^{\ell_{-1}})\prod_{\ell/2,0\leq s<}(X-\mathrm{p}((r+S\mathcal{T})/\ell))$
$f_{\ell}^{E_{0}}$ $\mathrm{Q}(A_{0},$ $B_{0)}$ . $E_{0}[\ell]\subset E_{0}(K)$ $K$ ,
$O_{K}$ , $P$ $O_{K}$ A4 , $E[\ell]\subset E(O_{K}/\mathcal{M})$
. ( $O_{K}/\mathrm{A}t$ $GF(p)$ ) , $O_{k}$ $O_{K}/\mathcal{M}$
ProiK , $P\in E_{0}[\ell]$ $proi_{K}(P)\in E[\ell]$ . ProiK $(f_{\ell}^{E_{0}}(x))$
.
modular polynomial: $\Phi_{\ell}$ modular polynomial of oder $\ell$ , $\Phi_{\ell}(x, y)\in \mathrm{Z}[x, y]$
-1
$\Phi_{\ell}(X,j(\mathcal{T}))=(x-j(\ell_{\mathcal{T})})\prod_{i=0}(_{X}-j((_{\mathcal{T}}+i)/\ell))$
. $\Phi_{\ell}(x, j(\tau))$ modular polynomial . $\Phi_{\ell}(x, j(\tau))$
$GF(p)$ $E$ modular polynomial , $\Phi_{\ell}$ .
$\mathrm{E}[P]$ isogeny ( ): $E[\ell]$ $P+1$ $p$
. $C_{1},$
$\ldots,$
$C_{\ell+}1$ , $E_{0}[\ell]$ $C_{0},,$
$\ldots,$${}_{1}C0,\ell+1$
, $proj_{K}$ , $P^{ro}jK(C_{0},i)=C_{i}$ . . (
[19] )
1 $C_{i}$ f isogeny $\psi_{i}$ : $Earrow E_{i}$ $Kerne\iota(\psi i)=C_{i}$
. $\Phi_{\ell}(X, j(E))$ $j$-invariant $j(E_{i})$ . $j(E_{i})$ $GF(p)$
, $E_{i}$ $GF(p)$ .
, $E_{i}$ $E/C_{i}$ . $\psi_{i}$ $\ell$-isogeny .
2 $\Phi_{\ell}(X,j(E))$ $GF(p)$ $fi,$
$\ldots,$
$f_{s}$ $\deg(f_{1})+\cdots+\deg(f_{S})$
degree partiton . degree partition .
(i) $1+r..\phi$ $E[\ell]$ . $t^{2}-4p$ mod $p$
:. :
(ii) $1+1+r+\cdots+r$ . $\phi$ $E[\ell]$ $GF(\ell)$ . $t^{2}-4p$ mod $\ell$
(iii) $r+\cdots+r,$ $r>1$ . $\phi$ $E[\ell]$ $GF(\ell^{2})$ .
$t^{2}-4p$ mod $\ell$ . . .
$r=|\phi|$ ( $PGL(\ell,$ $2)$ ) , $t^{2}\equiv(\zeta+\zeta^{-1})^{2}p$ (mod 4)
. $\zeta$ $\overline{G}F(\ell)$ ($GF(\ell)$ ) 1 $r$ .
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$(\mathrm{i})(\mathrm{i}\mathrm{i})$ $\ell$ Elkies , (iii) Atkin . $\mathrm{E}\mathrm{l}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{s}/\mathrm{A}\mathrm{t}\mathrm{k}\mathrm{i}\mathrm{n}$
$t^{2}-4p$ , 1/2 .
Elkie.$\mathrm{s}/\mathrm{A}\mathrm{t}\mathrm{k}\mathrm{i}\mathrm{n}$ $r$ , $\Phi_{\ell}(x,j(E))$ Distinct Degree Decomposition
(DDD) . , $1\leq k\leq P+1$
$\mathrm{g}\mathrm{c}\mathrm{d}(x^{p^{k}}-x, \Phi\ell(\dot{X},j(E)))$
$O(\ell^{2}\log^{3}(p))$ . ,
2 probabilistic method mod $\mathrm{P}$ 2
$O(\log^{5}(p))$ . ( [20] . )
222. Atkin
$P$ Atkin , $\mathcal{T}_{\ell}$ . ([11] ) ,
SEA $\ell$ . $\mathcal{T}_{\ell}$
.
.
3 $\#^{\tau_{\ell}=\varphi}(r)f$ $\varphi(r)$ Euler .
22.3. Elkies
$P$ Elkies , , $\Phi_{\ell}(X,i(E))$ $GF(p)$ . $E[\ell]$
, $GF(\ell)$ $\phi$ $C$ , $j(E/C)$ $\Phi_{\ell}(x, j(E))$ .
, $P\in C$ ,
$\phi(P)=sP$
$s$ . ( $s$ , $-(p-1)/2\leq s\leq(p-1)/2$ ) $s$
$t\equiv S+p/S$ $(\mathrm{m}\mathrm{o}\mathrm{d}\cdot\ell)$ . $C$ $x$ $C$ , $\# C=(\ell-1)/2$
, $C$ $\phi$ ,
$g_{\ell}(_{X})= \prod_{\alpha\in c}(x-\alpha)$
$GF(p)$ . $E_{0}/c_{0}$ $E_{0}$ isogeny , $c_{0}$
$g_{\ell}^{E_{0}}$ ProiK . $p$-isogeny $\psi$ : $Earrow E../C$
$\psi$ : $E\ni(x, y)arrow(k_{1}(x)/g_{\ell}^{2}(X), k2(x, y)/g_{\ell}^{3}(X))\in E/C$
. ($\deg(k_{1})=^{p}$ ) [19] $g_{\ell}$
.
$\mathrm{g}_{\ell}$ : 4 .
(E-1) $\Phi_{\ell}(x, j(E))$ $GF(p)$ , $E/C$ Wierestrass
: $E/C:y^{2}=x^{3}+\hat{A}x+\hat{B}$ . , $\hat{j}=j(E/c)$ .
(E-2) $A,$ $B,\hat{A},\hat{B}$ $g_{\ell}(x)$ $(P-3)/2$ $a_{(\ell-3)}/2$ .




(E-4) $a_{(\ell-3})/2,$ $C1,$ $\ldots,$ $c(\ell-1)/2,\hat{C}1,$ $\ldots,\hat{C}(\ell_{-1)/}2$ $g_{l}$
, $E_{0},$ $E_{0}/C_{0}$ . $GF(p)$
$E,$ $E/C$ . ( $E_{0},$ $E_{0}/c_{0}$
$K$ $O_{K}$ $\mathcal{M}$ $O_{K}/\mathcal{M}=GF(p)$
, $\mathrm{m}\mathrm{o}\mathrm{d} (\mathcal{M})$ $E,$ $E/C$
) . $j(q),$ $E_{4}(q),$ $E_{6}(q)$
.
(E-1) (E-2) : $E_{0}/C_{0}$ $\hat{L}$ . $L$
,
$L=\mathrm{z}_{\omega_{1}\oplus}\mathrm{Z}\omega 2,\hat{L}=\mathrm{Z}\omega_{1}\oplus \mathrm{z}\ell\omega_{2}$
. $\tau=\omega_{2}/\omega_{1},$ $\mathcal{I}m(\tau)>0$ . P-isogeny $Earrow E/C(E_{0}arrow E_{0}/c_{0})$
$\mathrm{C}/Larrow \mathrm{C}/\hat{L}$ $zarrow Pz$ . , $j(E_{0})=j(\tau),$ $j(E_{0}/C_{0})=$
$j(p_{\mathcal{T}})$ , $j(E)=j(E_{0})$ mod $\mathcal{M},$ $j(E/C)=j(E_{0}/c_{0})$ mod $\mathcal{M}$ . $z$
$q=exp(2\pi i_{Z})$ , $exp(2\pi ipz)=q^{l}$ . Weierstrass
–
$E_{0}$ : $y^{2}=.X-E4(3q)/48+E_{6}(q)/864,$ $E_{0}/C_{0}$ : $y=x-23E4(q^{\ell})/48+E_{6}(q^{\ell})/864$
. $A\equiv-E_{4}(q)/48$ (mod $\mathcal{M}$ ), $B\equiv E_{6}(q)/864$ (mod $\mathcal{M}$ ), $\hat{A}\equiv-E_{4}(q^{\ell})/48$
(mod $\mathcal{M}$ ), $\hat{B}\equiv E6(q)\ell/864$ (mod $\mathcal{M}$ ) . Jacobi , $j(q),\hat{j}(q)=j(q\ell),$ $E_{4}(q),$ $E_{6}(q)$
(mod $\mathcal{M}$ ) , $\Phi\ell$ ( ), $E_{4}(q^{\ell}),$ $E6(q^{\ell})$ mod $\mathcal{M}$
. $E/C$ .
: , $\hat{j}$ $\Phi_{l}(X, j(E))$ . , End$(E_{0})$
$\triangle$ $|\triangle|\leq 4\ell^{2}$ , $O(\log^{4}(p))$ Cornacchia
. ([19] ) , $E$ CM
. , .
$C$ $x$
$p_{1}= \sum_{\in(x,y)C\backslash \mathcal{O}}x=\frac{l(E2(q)-pE2(q^{\ell}))}{12}$ (4)
(4) $A,$ $B,j,\hat{j}$ $a_{(}\ell-3$ ) $/2$ . $x$ 2
, $-p_{1}/2$ $a_{(}\ell-3$ ) $/2$ .
(E-3)(E-4) : $E_{0}$ Weierestrass $P$ $P(z)$ .




: $E/C:y=2x^{3}+\hat{A}P^{4}+\hat{B}\ell^{6}$ . $\mathrm{C}/(\mathrm{z}\omega_{1}+\mathrm{Z}\omega_{2})arrow \mathrm{C}/(\mathrm{Z}\frac{\omega}{\ell}\iota+\mathrm{Z}\omega_{2})$
. $c_{k}\in \mathrm{Q}(\omega_{1}, \omega_{2})$ . .
$z^{\ell-1}g \ell(P(_{Z}))=exp(-\frac{1}{2}p1z^{2}-\sum^{\infty}k=1\frac{\hat{c}_{k}-\ell_{c_{k}}}{(2k+1)(2k+2)}z2k+2)$ (5)
$K=\mathrm{Q}(\omega_{1}, \omega_{2})$ $O_{K}$ , $\mathcal{M}$ $O_{K}/\mathcal{M}=c\dot{F}(p)$
, (5) mod $\mathcal{M}$ , $GF(p)$ .
$g_{\ell}\mathit{0}$) (5) $z$ . $z^{2}$
$a_{(-}2=-p3$)$/p1/2$ , $z^{4}$ $a_{()/2,-}=p-5 \frac{1}{8}p_{1^{-}}^{2\frac{\hat{c}-lc}{12}}.-\frac{\ell-1}{2}c1$ .
224. isogeny cycle :
isogeny cycle .
. , modular polynomial
, .
.([6], [5] ) $\ell$ Elkies $C$ $E[P]$ $\phi$ , $\psi$ : $Earrow E/C$
$p$-isogeny . . ,
.
4 $\ell$ $E/C$ Elkies . Tate module $T_{\ell}(E)$ $c*$ $\phi$
, $k$ , $E[P^{k}]\mathrm{n}c*$ $P+1$ .
$E/C$ $\ell$-isogeny $\hat{\psi}$ : $E/Carrow E’$ . $\mathrm{C}$ $E_{0},$ $E_{0}/c_{0},$ $E_{0}’$
. $p$-isogeny $E’$ $E_{0^{\cong \mathrm{C}}/L},$ $E_{0}/C_{0}=^{\mathrm{c}/\hat{L}},$ $E’=\mathrm{c}/LJ$
$L=\mathrm{z}_{\omega_{1}\oplus}\mathrm{Z}\omega 2,\hat{L}=\mathrm{Z}\omega_{1}\oplus \mathrm{z}\ell\omega_{2}$ , $L’=\mathrm{z}_{\omega_{1}}\oplus \mathrm{Z}p2\omega_{2}$
, $\psi,\hat{\psi}$ $p$ .
isogeny $\psi\hat{\psi}$ : $Earrow E’$ $\ell^{2}$ $\mathrm{C}/Larrow \mathrm{C}/L’$ , kernel $E[\ell^{2}]$
$\ell^{2}$ $\{(a\omega_{1})/l^{2}|a=0,1, \ldots, \ell^{2}-1\}$ .
$\psi$ : $E\ni(x, y)arrow(k_{1}(x)/g_{\ell(_{X}),k_{2}}^{2}(x, y)/g_{\ell}^{3}(x))\in E/C$
$\hat{\psi}$ : $E/C\ni(x, y)arrow(\hat{k}_{1}(x)/\hat{g}_{\ell}^{2}(_{X)},\hat{k}_{2}(_{X}, y)/\hat{g}^{3}\ell(X))\in E’$
, $\hat{g}\ell(k_{1})$ $\ell(P-1)/2$ , Kernel $(\psi\hat{\psi})\backslash Ke\gamma ne\iota(\psi)$
$x$ . $g\ell^{2}$ .
$\mathrm{E}’$ : $j(E’)$ $\Phi_{\ell}(X, j(E/c))$ . $\Phi_{\ell}(i(E), i(E/C))=0$ ,
$GF(p)$ $j(E)$ . $\Phi_{\ell}(X,j(E/C))$ $GF(p)$ 1
, $E’$ – . $GF(p)$ 2 , $j(E)$
$j(E’)$ . $j(E)$ , $L’=\mathrm{z}\ell_{\omega}1\oplus \mathrm{Z}\ell\omega_{2}$ , Kernel $E[\ell]$
. $E’\cong E$ .
$\mathrm{g}_{l^{2}}$ : . $E/C$ . , $E$ ,
$E/C$ Weierstrass $P$ $P(z),\hat{P}(z)$ .
237
(I-1) $E/C$ $p$-isogeny , $\hat{g}\ell$ .
(I-2) $\ell- \mathrm{i}\mathrm{S}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{y}\psi$ : $Earrow E/C$ $x$- $\frac{k_{1}(x)}{g\ell(x)^{2}}$ $k_{1}(x)$ $z$
.
$\hat{P}(z)=\frac{k_{1}(P(_{Z}))}{g\ell(\mathrm{p}(_{Z))}2}$
(I-3) $\hat{g}\ell(k_{1}(x))$ . $g\ell^{2}$ .
, g .
3. $\mathrm{S}\mathrm{E}\mathrm{A}+\mathrm{i}_{\mathrm{S}\mathrm{O}}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{y}$ cycle
, 160 bit $P$ ,
$\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}([16])$ , . Asir (
) . , (i) , GCD
, (ii) ,
, 2 . Risa $\mathrm{c}$-library
, $\mathrm{c}$ , -
.
$\mathrm{S}\mathrm{E}\mathrm{A}+\mathrm{i}_{\mathrm{S}\mathrm{O}}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{y}$ cycle, $\mathrm{S}\mathrm{E}\mathrm{A}+\mathrm{i}$ , , (1) Atkin
, (2) Elkies isogeny cycle , 2
. 2 ,
. , . ,
,
.
modular polynomial $\Phi_{\ell}$ , $\ell=97$ . (






2 . ([11] ) $\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$
Karatsuba , .
, $O(n^{2})$ Karatsuba $O(n^{1.6})$ .
, $O.(n^{5.2})$ .
. FFT .
3.1.2. dominant steps in (I)
$\mathrm{S}\mathrm{E}\mathrm{A}+\mathrm{i}$ (I) , , dominant ,
. ( , $o(\log^{5}(p))$ binary steps)
(a) $\Phi_{\ell}(x,j(E))$ DDD .
238
(b) $\phi(P)=sP$ .
$(\mathrm{a}),(\mathrm{b})$ , $(\mathrm{a})(\mathrm{b})$ 2 .
(c) $h(x)$ , $\deg(h)=O(\log(p))$ , $x^{p^{k}}\mathrm{m}\mathrm{o}\mathrm{d} h(.x)$ .
(d) $mP$ , $1\leq m\leq|s|$ .
(c) $(\mathrm{a}),(\mathrm{b})$ , (d) , $(\ell^{k}-1)/2$
$arrow\vee$ . ( $k\geq 2$ isogeny cycle ) ,
$\mathrm{m}\mathrm{o}\mathrm{d} g_{\ell^{k}}(x)$ . ( $O(\log^{7}(p))$ )
(c) , multiplication table , .




. $E(GF(p))$ $P$ , $N$
$NP$ $\mathcal{O}$ .
. $\mathcal{E}$ $M_{E}$ , ,
$S,$ $0\leq S<M_{E}$ , : $S\equiv t_{\ell}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ for $p\in \mathcal{E}$ ,
– .
(II-1) $E(GF(p))$ $P$ random .
(II-2) $R=(p+1-S)P,$ $Q=M_{E}P$ .
(II-3) $t$ $t_{can}$ .
$bQ$ , $bQ=R$ . , $t_{can}=b\cross M_{E}+S$ .
$bQ=R$ , $t_{can}$ , .
(II-4) – , $t$ . (II-1) $P$
.
$t$ , $P\in A$ , ,
. , Hasse (3) criterion
. , .
3.2. Atkin , Elkies isogeny cycle
, (1) Atkin ,
(2) Elkies isogeny cycle , 2 .
, 2 ,
. $(B_{E}, B_{A}),$ $B_{E}$
Elkies , $B_{A}$ Atkin ,
. (Morain [6], [5] .)
. , $(B_{E}, B_{A})=(\infty, 0)$
Elkies , $(B_{E}, B_{A})=(\mathrm{O}, \infty)$ Atkin .
160 bit $P$ $(B_{E}, A_{E})$
. $B_{A}$ $10^{3}$ $10^{6}$ , $B_{A}=10^{5}$
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. (modular polynomial $\ell\leq 97$ , $(\infty, 10^{5})$
)
321. Atkin
Atkin (II) . (II) , Atkin
# . $\neq \mathcal{T}_{\ell}$ $B_{T}$




Elkies $p$ isogeny cycle
. $\phi(P)=sP,$ $P\in C^{*}\cap E[pk]$ , $s$ (
6 $k$ )
$O(\log 3(p)\deg(g_{l}k)^{2}+|s|\log 2(p)\deg(g\ell^{k})2)$
binary steps . 160 bit $p$ ,
$\deg(g_{\ell}k)$ $B_{G}$ . , $\deg(g_{\ell}k)>B_{G}$ $p$
isogeny cycle . $k$ 2 .
($P=2,3$ ) $p$ .
.
- $\deg(g\ell k)=(\ell_{-}1)\ell k-1/2$ , .
5 $g_{\ell}$ $\phi(P)=s_{0}P$ $s_{0}$ $GF(\ell)*$ $d_{0}$
$P\in C^{*}\cap E[p]$ .$\cdot$ , $d$ $d_{0}$ $d_{0},$ $d_{0}$ $d_{0}/2$










, isogeny cycle .
(1) $\dot{B}_{G}=150$
(2) $|s|$ $P\leq 31$ .
: $\Phi\ell$ $\ell\leq 97$ , Elkies
$4\sqrt{p}$ . (Elkies ) –





(1) : $\mathrm{p}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{u}\mathrm{m}\mathrm{p}_{\mathrm{r}}\mathrm{o}2\mathrm{o}\mathrm{o}\mathrm{M}\mathrm{H}\mathrm{Z}_{\text{ }}128\mathrm{M}\mathrm{B}$memory
(2) : $\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ ( $\mathrm{U}\mathrm{n}\mathrm{i}\mathrm{x}$ )
(3) $p:160$ bit
(4) $\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ polynomial: $P\leq 97$
1 554 (9 14 ) 871 (14 31 )
isogeny cycles 20 ( 15 )
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